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Multidimensional Knapsack Problem:
A Fitness Landscape Analysis
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Abstract—Fitness landscape analysis techniques are used to
better understand the influence of genetic representations and
associated variation operators when solving a combinatorial op-
timization problem. Five representations are investigated for the
multidimensional knapsack problem. Common mutation opera-
tors, such as bit-flip mutation, are employed to generate fitness
landscapes. Measures such as fitness distance correlation and
autocorrelation are applied to examine the landscapes associated
with the tested genetic encodings. Furthermore, additional ex-
periments are made to observe the effects of adding heuristics
and local optimization to the representations. Encodings with a
strong heuristic bias are more efficient, and the addition of local
optimization techniques further enhances their performance.

Index Terms—Fitness landscape analysis, heuristic bias, local
improvement methods, representation.

I. INTRODUCTION

EVOLUTIONARY algorithms are efficient techniques to
discover good-quality solutions for difficult combinatorial

optimization problems. The choice of a suitable representation
plays a crucial role in the design of these biological inspired
techniques and is a key issue in improving search performance
[1], [2].

The main goal of this paper is to study the influence of repre-
sentations on the design of efficient evolutionary algorithms for
combinatorial optimization problems. The multidimensional
knapsack problem (MKP) will be used as a benchmark for
our study. We will use fitness landscape analysis to conduct
a comprehensive investigation of the properties of different
representations that are commonly adopted when evolutionary
algorithms are applied to this class of problems.
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Fitness landscapes [3] illustrate the association between the
search space and the fitness space. An evolutionary algorithm
can be seen as navigating a landscape in order to find the highest
peak. Higher points in the search space correspond to solutions
with higher fitness. A representation and associated variation
operators influence the search efficiency of an evolutionary
algorithm. With this in mind, the choice of a representation and
operators can be made based on the study of the difficulties of
the corresponding fitness landscapes. Since fitness landscape
analysis techniques were introduced, they have become a valu-
able tool in investigating how a given evolutionary algorithm
works.

The MKP is a well-known combinatorial optimization prob-
lem for which several successful applications of evolutionary
algorithms exist, e.g., [4]. For this problem, there is a large
selection of representations. This implies that a careful analysis
of representations, variation operators, and other techniques
(e.g., heuristics) is essential for the design of an effective
algorithm.

In this paper, we present our investigations toward a better
understanding of the role of representation and heuristics ap-
plied to the MKP. The study presented in this paper continues
and expands our initial work on this topic [5]. We add new re-
sults by using fitness landscape analysis techniques in mutation-
and crossover-generated landscapes. We also demonstrate the
point of adding heuristics and/or local improvement methods
to a representation to obtain better results. To the best of our
knowledge, this is the first study regarding a complete fitness
landscape analysis on this problem.

This paper is structured as follows. A description and formal
definition of the problem is presented in Section II. Section III
presents an overview of the evolutionary techniques applied to
the MKP. In Section IV, we explain the concept of fitness land-
scapes and describe the analysis techniques used for this paper.
Experimental results and discussion are reported in Section V.
Finally, in Section VI, we present some conclusions.

II. MULTIDIMENSIONAL KNAPSACK PROBLEM

The MKP is a well-known nondeterministic-polynomial-
time-hard combinatorial optimization problem, with a wide
range of applications, such as cargo loading, cutting stock
problems, resource allocation in computer systems, and
economics [6].

The problem can be described as follows. Given two sets of
n items and m knapsack constraints (or resources), for each
item j, a profit pj is assigned, and for each constraint i, a
consumption value rij is designated. The goal is to determine
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a set of items that maximizes the total profit, not exceeding the
given constraint capacities ci. Formally, this is stated as follows:

maximize
n∑

j=1

pjxj (1)

subject to
n∑

j=1

rijxj ≤ ci, i = 1, . . . , m (2)

xj ∈ {0, 1}, j = 1, . . . , n (3)

with pj > 0 rij ≥ 0 ci ≥ 0. (4)

The decision variable is the binary vector x = (x1, . . . , xn).
Each item j is mapped to a bit. When xj = 1, the corresponding
item is considered to be part of the solution. The special case
of m = 1 is generally known as the Knapsack Problem or
the Unidimensional Knapsack Problem. Exact techniques and
exhaustive search algorithms, such as branch-and-bound, are
only of practical use in solving MKP instances of small size
since they are, in general, too time-consuming (e.g., instances
with 100 items or less, and depending on the constraints).

This problem is also known in the literature as the M-
Dimensional Knapsack Problem, the Multiconstraint Knapsack
Problem, the Multi-Knapsack Problem, or the Multiple Knap-
sack Problem. Some authors also include in their description the
term zero–one, e.g., the Multidimensional zero–one knapsack
problem. Using alternative names for the same problem is
potentially confusing, but since, historically, the designation
MKP has been the most widely used [4], we adopt this same
name in the following discussion.

The MKP has been widely studied in the past few years, and
many theoretical and empirical studies exist for a different num-
ber of knapsack problem variants. For a comprehensive review
of these techniques, including exact methods and heuristics,
consult [4], [6], or [7]. In the next section, we will present
and discuss the most common evolutionary approaches to the
problem.

III. EVOLUTIONARY APPROACHES

Evolutionary algorithms have been widely applied to the
MKP and shown to be effective for searching and finding good-
quality solutions (consult, e.g., [4]). Regardless of that success,
designing an efficient evolutionary algorithm for the MKP is
a difficult task, where the issue of choosing an appropriate
constraint-handling technique is important. As shown in [8], the
success of an evolutionary algorithm for the MKP is strongly
dependent on the ability of the algorithm to restrict, or focus,
the search to the boundary of a feasible region.

As such, the most successful evolutionary algorithms are
based on repairing and local optimization techniques or heuris-
tic decoders, such as, for example, the approaches developed in
[4] and [9]. The generality of the proposed algorithms found
in the literature [4], [10]–[13] can be divided in two groups
according to the adopted representation and the associated
variation operators. Evolutionary algorithms may use a direct
representation, or alternatively, they may adopt indirect encod-

ings. In this case, a decoder that translates the chromosome into
the actual solution is needed.

In the following sections, we briefly describe the most com-
mon representations for this problem and a simple description
of some significant works regarding evolutionary algorithms for
this problem.

A. Binary Representation

With this encoding, a solution is represented by a charac-
teristic bit vector, where each bit is mapped to an item. A
bit set to 1 indicates that the corresponding item is packed
into the knapsack. For the MKP, two options are commonly
used to deal with unfeasible solutions: penalty-based fitness
functions (consult [14] for a comprehensive study on fitness
functions for the MKP) or repair operators. In [4], a repair
mechanism that iteratively removes items until all constraints
are satisfied is proposed. In addition, each solution is improved
by local optimization. Both methods are guided by a heuristic
that orders the items according to the ratio of profit and resource
consumption. This approach was later improved by Raidl [9] by
using the heuristic associated with the weight-coding represen-
tation, which will be described later. For a binary representa-
tion, classical crossover and mutation operators can be used,
such as n-point crossover or uniform crossover, and bit-flip
mutation.

B. Ordinal Representation

Here, a chromosome is a vector v = (v1, . . . , vn), where
each position vk belongs to the set {1, . . . , n − k + 1} for
k ∈ {1, . . . , n}. The vector is mapped to a permutation π of the
items. This permutation is built in the following manner: An
ordered list L = (L1, . . . , Ln) is created and initialized with
all the items. Next, vector v is traversed from the first to the
last position. Each vk specifies a position in L. The referenced
element Lvk

is removed from L and inserted in permutation π,
where it represents element πk. To give an example, assume that
v = (1, 2, 3, 2, 1) and the initial ordered list L = (1, 2, 3, 4, 5).
Vector v is interpreted by successively removing elements 1,
3, 5, 4, and 2 from L. This process generates permutation
π = (1, 3, 5, 4, 2). To decode the permutation into a feasible
MKP solution, a first-fit heuristic is applied. The heuristic works
by building a feasible solution traversing all variables in the
order given by permutation π. An item πj is inserted into the
solution if it does not violate any constraint. To be more precise,
we start with an empty solution x = (0, . . . , 0). For each item
in the order given by permutation π, the corresponding decision
variable xπj

, with j = 1, . . . , n, is altered from 0 to 1 if the
insertion of item πj does not violate any constraint.

This representation has the advantage of enabling the use
of standard genetic operators. Classical crossover operators,
e.g., uniform crossover, can be used. The mutation oper-
ator randomly chooses a position k ∈ {1, . . . , n} and then
picks a new value vk using a uniform distribution, from
the set {1, . . . , n − k + 1}. Evolutionary algorithms for the
MKP using this representation can be found in [10] and [15].
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These studies report poor results in comparison with other
representations.

C. Permutation Representation

Permutations are typical representations for scheduling and
routing problems. Additionally, they have been widely applied
to the MKP [9], [11]–[13]. The representation consists of a
permutation of all items π : {1, . . . , n} → {1, . . . , n} denoted
by π = (π1, . . . , πn). Decoding it into a feasible solution is
done by a first-fit heuristic, in the same manner as in the ordinal
representation. The representation needs genetic operators that
can preserve the permutations, such as uniform-order-based
crossover [15] or partially matched crossover, and swap mu-
tation [16]. Permutation-based evolutionary algorithms have
achieved good results, as reported by Hinterding [11] and
Gottlieb [13].

D. Random-Key Representation

Proposed by Bean [17], the random-key representation is
an alternative approach in encoding permutations without the
need for specific operators. A random key is a vector of real
values w = (w1, . . . , wn), where each gene represents an item
j, which is assigned by a weight wj ∈ [0, 1]. The decoder
works by sorting the real-valued vector, yielding a permuta-
tion π with the associated weight indexes. Once again, the
attained permutation is decoded by means of a first-fit heuristic.
This representation allows the use of the classical crossover
and mutation operators. In the case of mutation, the operator
usually performs positional mutation, i.e., it randomly draws
values from the interval [0, 1] according to a distribution,
replacing a value at a random position in the chromosome.
Evolutionary approaches based on random keys for MKP can
be found in [11] and [18]. The reported results show that evo-
lutionary approaches based on this representation can achieve
good results.

E. Weight-Coding Representation

The weight-coding representation, a general technique suc-
cessfully applied to a variety of combinatorial optimization
problems, is the most successful decoder-based technique for
the MKP. It was first used by Cotta and Troya [19] and later
improved by Raidl [20]. In this representation, a chromosome
consists of a real-valued vector of weights w = (w1 . . . , wn),
where each item j of the MKP is associated with a weight wj ∈
[0, 1]. The decoding process of the genotype to the phenotype
is made in two steps: The first step consists of transforming the
original problem P into a modified problem P ′ by multiplying
the original items profits by the associated weight, i.e., biasing
the original problem. The last step requires the use of a fast
heuristic to find a solution to P ′ and to evaluate it according to
the original problem.

Several decoding heuristics and techniques for biasing the
original problem have been studied [20]. The heuristics that
often work best are based on surrogate and Lagrangian relax-
ation techniques. The decoding heuristic using the surrogate
relaxation method is preferred due to its lower computational

requirements. The original problem is simplified by transform-
ing all m constraints into a single constraint, i.e.,

n∑
j=1

(
m∑

i=1

airij

)
xj ≤

m∑
i=1

aici (5)

where ai, i = 1, . . . ,m, is the surrogate multiplier for the
ith constraint. To derive the surrogate multipliers, one of the
simplest methods is to solve the linear programming (LP)
relaxation of the original problem (i.e., decision variables xi

can take any value ∈ [0, 1]) and to use the values of the dual
variables as the surrogate multipliers. To obtain a heuristic
solution to the MKP, the profit/pseudoresource consumption
ratios uj are calculated as

uj =
p′j∑m

i=1 airij
(6)

where p′j = pj × wj . A low pseudoutility ratio heuristically
indicates that an item has a lower profit with a higher resource
consumption, whereas a high ratio reflects a more efficient item.
According to the uj values, we sort the items in decreasing
order, adding them to the solution one at a time if none of
the constraints are violated. This process is similar to the
first-fit heuristic previously described in the decoding steps
for encodings where permutations are involved. The surrogate
multipliers for the original problem are only calculated once
as a preprocessing step performed in the beginning. This is to
ensure low computation costs, and as a result of this step, the
decoding process begins by determining the uj values.

This representation allows the use of standard crossover and
mutation variation operators. Like the random-key representa-
tion, positional mutation is used. For details of this method,
please refer to [20]. This approach has attained good results
when applied to the MKP.

F. Related Work

Although many different evolutionary algorithms have been
applied to the MKP, there are just a few studies that aim to
perform a comprehensive analysis of the behavior of these
techniques.

The most significant work on this subject was done by
Raidl and Gottlieb [21]. In this study, five representations (four
indirect decoder-based representations and one direct repre-
sentation) are examined according to important aspects of an
evolutionary algorithm, such as initialization and variation op-
erators. The study comprises a general performance comparison
of the five encodings, as well as a comprehensive empirical
investigation of different characteristics of an evolutionary al-
gorithm. In this case, three properties, i.e., locality, heritability,
and heuristic bias, are considered. A set of static measures is
used to gain insights about the behavior of the evolutionary
algorithm when using the tested representations.

In a previous work [5], we used the fitness landscape frame-
work to initiate a study with representations for the MKP. The
analysis also contained some repair operators, local optimiza-
tion, and heuristics. The focus of that investigation was on
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fitness landscapes generated by mutation operators. The analy-
sis of fitness distance correlation and autocorrelation was useful
in gaining some insights about the differences of performance
achieved by different representations. The study shows that the
choice of an encoding without a strong heuristic bias can create
some difficulties for an evolutionary algorithm designed for the
MKP. In this paper, we continue and expand the investigation
previously published by extending it and adding a more clear
and deep overall analysis.

IV. FITNESS LANDSCAPES

The concept of fitness landscape, which was introduced by
Wright [3] to demonstrate the dynamics of biological evo-
lutionary optimization, has been useful for the analysis and
understanding of evolutionary algorithm’s behavior. In addi-
tion, the study of fitness landscapes can be of value in de-
signing an evolutionary algorithm since it can help predict its
performance. Usually, evolutionary search can be represented
by three spaces: 1) the search space; 2) the phenotype space;
and 3) the fitness space. The fitness space reflects the solution
quality, whereas the search space is made of the candidate
solutions. The set of all possible genotypes is denominated
genotype space, and it is equivalent to the search space. This
equivalence is possible, because variation operators work in
the genotype space and an evolutionary algorithm searches
for genotypes that decode into phenotypes with high fitness.
Fitness landscapes describe the relation between the search
space and the fitness space. Regarding the search space as a
landscape, an evolutionary algorithm can be seen as navigating
through it in order to find its highest peak. The height of a
point in the search space (the genotype) reflects the fitness
of the decoded solution (the phenotype) associated with that
point. Since the representation and operators define how an
evolutionary algorithm can perform its search, the choice of a
representation and operators for a given problem can be based
on the study of the difficulties of the corresponding landscape.

A fitness landscape is a tuple composed of a set of points
(solutions) X; a fitness function f , which assigns a numeric
value to each solution; and a neighborhood Nk defined over set
X , which is given by a distance metric of size k. The following
tuple can represent the fitness landscape:

L = (X, f,Nk) (7)

where

f : X → R (8)

Nk(x) = {y ∈ X : d(x, y) ≤ k} (9)

with the distance metric defined as the minimum number k
of applications of an elementary operator m to transform one
solution in to another.

A. Measures for Landscape Analysis

There are several properties that define the structure of fitness
landscapes, such as the distribution of the fitness function,

the number and distribution of local optima, the structure of
the basins of attraction, the presence and structure of neutral
networks, and landscape ruggedness. These characteristics are
well known and have been studied in the evolutionary compu-
tation community, and several methods have been proposed to
measure some of these properties [22]–[24].
1) Fitness Distance Correlation: One way of measuring

problem difficulty is determining how close is the relation
between fitness value and distance to the nearest optimum,
in the search space. The fitness distance correlation, which is
called coefficient �, can be estimated by

�(f, d) ≈ 1
σfσdm

m∑
i=1

(fi − f)(di − d) (10)

with a given set of points xi of size m (the random walk length),
fi = f(xi) being the fitness value, and di = dopt(xi) being
the minimum distance to a global optimum solution. The f
and σf are the mean and standard deviation, respectively. The
search should be easy, for selection-based algorithms, when
fitness increases as the distance to the optimum decreases. This
indicates the existence of a path via solutions with increasing
fitness values. A value of −1.0 for � shows that fitness and
distance to the optimum are perfectly related; thus, the search
is easy, indicating a strong correlation. A value of � = 1.0
indicates the opposite.
2) Autocorrelation Function: The structure of a fitness land-

scape can be examined by measuring the degree of correlation
between points on the landscape. The degree of correlation
depends on the difference between the fitness values of the
points. Smoother landscapes are highly correlated, making the
search for a search algorithm easier. This is the result of similar
fitness values. If the difference of fitness values is higher, the
landscape is less correlated, which implies a rugged landscape,
thus making the search more difficult. To estimate ρ(d), we
perform a random walk. In this case, random walk 〈f(xt)〉
defines the correlation of two points s steps away in an m-long
random walk, i.e.,

ρrw(s)≈ 1
σ2

f (m − s)

m−s∑
t=1

(
f(xt) − f

) (
f(xt+s) − f

)
. (11)

3) Correlation Length: This measure directly represents the
ruggedness of a fitness landscape: The higher the value of
correlation length l, the smoother the landscape; the lower the
value of l, the more rugged the landscape. The correlation
length is defined as

l = − 1
ln (|ρ(1)|) (12)

for ρ(1) 	= 0. It is useful to normalize it with the diameter of the
landscape. The closer the normalized correlation length is to 1,
the higher the correlation is. If ξ = 0 or close to 0, there is no
correlation.
4) Crossover Measures: Studying the behavior of mutation-

based algorithms using the aforementioned methodology is
simple and well suited. The reason is that mutation operators



This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination.

608 IEEE TRANSACTIONS ON SYSTEMS, MAN, AND CYBERNETICS—PART B: CYBERNETICS, VOL. 38, NO. 3, JUNE 2008

are good in generating random walks for correlation analy-
sis. These operators can be seen producing a time series of
fitness values for a succession of solutions [25]. Normally, a
mutation operator is more appropriate to a certain landscape
if the correlation is higher. However, for crossover-generated
landscapes, this is a completely different issue. In this paper,
we followed an approach that is similar to the one defined by
Hordijk and Manderick [26]. A time series is simply produced
by repeatedly applying crossover to two candidate solutions.
Given the parents and the offspring, we measure the fitness
and distance to produce the landscape. The previous fitness
distance correlation measure and the correlation are updated for
crossover analysis. For both measures, we take into considera-
tion the average fitness of both parents fp, the average fitness of
both offspring fo, and the average distance of the children to the
known optimum solution dopt. The measures for analysis are
redefined in the following way. The fitness distance correlation
for crossover �cx can be estimated by

�cx(fo, dopt)≈
1

σfo
σdoptm

m∑
i=1

(foi
−fo )(doi

−dopt ) (13)

with a given pair of points xi of size m (the random walk
length). As previously defined for mutation landscapes, a value
of −1.0 for �cx shows that fitness and distance to the optimum
are perfectly related, indicating an easy search, whereas a value
of �cx = 1.0 signals the opposite.

As in [22], the parent–offspring correlation is given by

ρcx =
cov(fp, fo)

σfp
σfo

(14)

where cov(fp, fo) is the covariance of two variables, which are,
in this particular case, the average fitness of the parents and the
offspring.

B. Problem Difficulty and Limitations

The measures for fitness landscapes previously described can
be used to analyze evolutionary algorithms, but these must be
related to the concept of problem difficulty. Several attempts
have been made to find problem characteristics that make a
problem hard for an evolutionary algorithm and, as such, also
a measure for problem difficulty. Knowing these features is
important since not only will it enable the development of new
ways to measure how well an algorithm performs but it also
allows to better adequate current measures to study and analyze
evolutionary algorithms.

Although fitness landscape analysis can be useful in per-
formance prediction and analysis for evolutionary algorithms
[25], it has a limitation. For problems with unknown global
optima, the measure is no longer directly applicable. It can
be approximated, but it may lead to incorrect predictions, as
shown by Reeves [24] and Altenberg [27]. Regardless of the
limitations found, fitness landscape analysis is a valuable tool
to the study and design of evolutionary algorithms, as several
researchers have illustrated [22], [25], [28].

V. MKP LANDSCAPE ANALYSIS

We consider five representations: 1) binary; 2) ordinal;
3) permutation; 4) random key; and 5) weight-coding. For each
representation, we will study landscapes generated by both
types of variation operators: mutation and crossover. Standard
mutation operators are used to create landscapes for each one of
the representations. These are bit-flip mutation, integer flip mu-
tation, swap, and uniform flip mutation. As for landscapes gen-
erated by crossover, standard one-point and uniform crossover
operators are applied. The only exception is related to the
permutation encoding. In this case, both one-point and uniform
crossovers are altered to allow the manipulation of permutations
[13]. All representations cover the feasible region of the search
space, with the exception of the direct encoding. Therefore, we
use a penalty function, as recommended by Gottlieb [14], since
it can better guide the search to the feasible region.

In this paper, we consider the binary representation in differ-
ent forms. First, we will be concerned with the simple binary
encoding with penalty-based fitness function. Then, we will
add the profit/pseudoresource consumption ratios to the fitness
function to obtain a better solution. Finally, we will add repair
and local optimization methods. This is accomplished to better
examine the effect of heuristics and local search on the encod-
ing. It is important to observe the effect of adding these methods
to a representation. We begin our analysis with standard and
simple encodings that do not use heuristics particularly biased
toward fitter phenotypes.

A. Experimental Setup

For our analysis, we selected problem instances from two
different MKP test suites available from the OR-Library1 as
well as another benchmark suite provided by Glover and
Kochenberg.2 We performed a comprehensive set of experi-
ments with instances from both suites. We present results from
some selected instances. Results obtained with other examples
follow the same trend. From the first suite, we will analyze the
results from instances containing 28 and 50 items, with ten and
five constraints, respectively (named P01 and P02). From the
second data set, we selected instances with 100 items and 5
constraints, and 25% of tightness (α). This means that ci =
α

∑n
j=1 rij holds for all i ∈ I . These instances are designated

as CB01 and CB02. From the last benchmark suite, we chose
the instance with 100 items and 15 constraints (labeled GK01).

A fitness distance analysis requires that the global optima
are known (or a very near-global optimum solution). For these
instances, we solved them to optimality by running a mixed
integer programming solver from the GNU Linear Program-
ming Kit.3 We only consider the existence of one global op-
timum. Additionally, the distance between the known optimal
solution and the candidate solutions in our random walks is
calculated at the phenotype level. This simply means that, when
using indirect encodings, all solutions contained in a random
walk are converted to its phenotype. The distance is given by

1http://people.brunel.ac.uk/mastjjb/jeb/info.html
2http://hces.bus.olemiss.edu/tools.html
3http://www.gnu.org/software/glpk/glpk.html
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TABLE I
SUMMARY RESULTS FOR MUTATION LANDSCAPES

the Hamming distance between the solution and the known
optimum solution. For each random walk, we performed 50
runs with 100 000 steps.

B. Mutation Fitness Landscapes

In Table I, we present the results of the applied measures, re-
garding fitness distance correlation and autocorrelation for mu-
tation landscapes for all five MKP instances. The first column
indicates the representation used (BR, binary representation;
OR, ordinal representation; PR, permutation representation;
RK, random-key representation; WC, weight-coding represen-
tation), n indicates the number of items, and m indicates the
number of resources. The average of the minimum distance
between the optimum solution and the best found individual
per random walk is denoted as dopt, with the standard deviation
in brackets. Table I also shows fitness distance correlation �,
correlation length l, and normalized correlation length ξ. The
values in bold give the best representation for a given problem
instance.
1) Distance to Optimum: The data presented in Table I show

that in terms of the average distances between the best found
individual and the optimal solution, binary representation has
the worst behavior, whereas weight-coding has the best results.
In terms of percentage, the distance from the optimum for
binary encoding is always about 50% (measured in relation to
the maximum distance, i.e., n), whereas that for the ordinal,
permutation, and random-key representations is about 42% and
that for weight-coding is in the range of 26%–35%. This pattern
is not found for the larger instances. For all the instances with
n = 100, the average distance to the optimum solution is very
similar for all tested representations, with values of about 50%,
except for weight-coding, which shows slightly better values

on instances CB01 and CB02 but similar values as the other
encodings for instance GK01. Binary encoding has this behav-
ior since it is the only encoding that cannot produce solutions
within the boundary of feasible solutions. It is interesting to
notice that, as n increases, the behavior gap between the differ-
ent representations decreases. This effect might be explained,
to a certain degree, with the tightness of the different instances.
The smaller instances have a higher tightness value than the
larger ones. This could be an indication that the heuristic bias,
which is not present in the binary encoding, is important for
tighter instances. On the other hand, it can also be due to the
increasing size of the search space when it comes to larger
instances.
2) Fitness Distance Correlation: When looking at the fit-

ness distance correlation coefficient, the observed pattern is
different. One might expect that the weight-coding represen-
tation with the uniform flip operator would perform better in
comparison to the other encodings, simply because it has a
stronger heuristic bias on its decoder. From column �, it is
clear that this does not happen. The weight-coding scheme
only has the best coefficient value for instances P01 and CB01
and a close second best for instance CB02. For the other two
instances P02 and GK01, the fitness distance correlation for
weight coding is worse than that for ordinal and random-key
encodings, respectively. The only clear pattern presented for
this column is the poor behavior of the binary encoding. In
contrast to the previous measurement, the fitness distance cor-
relation does not improve as n increases. With values near 0.0,
ranging from 0.09 to −0.05, the order of magnitude cannot be
compared with the other representations. In general, the other
four representations have similar values around −0.50, with
the exception of instance GK01. For the instance with more
constraints, the � values are all above −0.20, indicating that,
for this particular instance, all representations had difficulties
to reach better solutions.

From this table, it is possible to distinguish between the
decoder-based encodings and the direct encoding, which is not
an unexpected result. Differences between the three decoder-
based encodings with the first-fit heuristic and the decoder with
the profit/pseudoresource consumption ratios are less visible.
There is an indication that the weight-coding representation
performs slightly better than the others, but that might also be
dependent on the problem instance.
3) Autocorrelation: Fitness distance correlation has also

been examined in association with the autocorrelation mea-
sures. To determine the correlation length, we performed a
series of random walks to calculate the autocorrelation function
with a distance of 1. The neighborhood operator used was based
on the Hamming distance between two bit strings (for all rep-
resentations, after decoding them into a bit string). The results
of the autocorrelation analysis are also presented in Table I. A
brief overview of the results reveals an interesting pattern. For
instances P01 and P02, weight-coding representation achieved
the highest correlation value, whereas, for instances CB01,
CB02, and GK01, binary representation attained the highest
values. Ordinal encoding shows the lowest autocorrelation val-
ues for all problem instances. Another fact is the correlation for
all decoder-based representations on instances with 100 items.
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Fig. 1. Fitness distance plots for (a) binary, (b) ordinal, (c) permutation, (d) random-key, and (e) weight-coding representations on the CB02 instance. The five
graphs plot the distance to the optimum (on the x-axis) versus the fitness value (on the y-axis).

Here, the values are similar and lower, when compared to the
direct encoding. In fact, binary representation shows consistent
values across the instances (between 0.25 and 0.37), which does
not happen for the indirect encodings.

How can these differences be explained? Part of the answer
relies on the type of mutation operator. The lower correlation
for the ordinal representation is consistent with previous studies
[21]. Locality indicates that small variations in the genotype
space, which are usually originated by mutation, imply small
variations in the phenotype space. A strong locality allows a
search algorithm to efficiently explore the neighborhood of the
current solutions, whereas a weak locality prevents evolution-
ary search from a meaningful exploration of the phenotype
space, because small variations often cause strong phenotypic
changes. The weak locality for this representation means that
a single change in one of its genes can cause a major effect
on the decoded solution, thus the resulting lower correlation,
which implies a more difficult search. This does not happen
for the other representations with the same emphasis. The flip
mutation operator also changes a single gene, but the effect on
the phenotype is not as dramatic as that for the ordinal repre-
sentation (with the exception of permutations). This effect can
explain why ordinal representation has the worst correlation.
Furthermore, binary representation achieves higher correlations
since the occurrence of mutation can change its genotype
without causing a major disruption on its phenotype, i.e., this
representation has a higher locality. This effect is more evident
on the larger instances. In addition, for indirect representations,
many genotypes are mapped to the same phenotype, i.e., a
mutation may not change the phenotype at all. In this case,
the weight-coding and binary representations are shown to have
better correlated landscapes than the other representations.

4) Fitness Distance Plots: Moreover, it is also important
to observe the fitness distance plot of several representations.
These plots present information about the distribution of the
random walk points, where the fitness is plotted against the
minimum distance to an optimum. The fitness distance plot
provides additional insight since it contains more information.
Fig. 1 shows the fitness distance plots for binary, ordinal,
permutation, random-key, and weight-coding representations
for the CB02 instance (which is representative for the analyzed
MKP instances). From the five plots, the distribution of the can-
didate solutions induced by the encodings can be observed. The
first conclusion that can be drawn from these plots is that none
of the representations produce highly correlated landscapes.
The landscapes do not have an ideal distribution of points since
the optimum solution cannot be found by jumping from one
solution to a better one with successively decreasing the jump
distance.

Although the plots show that fitness and distance are cor-
related with similar distribution shapes, not all representations
present the same configuration. Binary representation does not
show a concentration that is closer to the optimum as the
others. The y-axis is negative and has much higher absolute
values. This can be explained by the fact that much more
unfeasible solutions are generated, independently of the penalty
function. Nevertheless, in this case, the encoding allows the
presence of unfeasible solutions, which cannot be ignored. The
weight-coding representation is closer to the optimum. In fact,
the fitness distance plot reveals that local minima are found
only in a fraction of the search space with smaller distance
to the optimum. All other encodings have a larger distance to
the optimum. Ordinal, permutation, and random-key encodings
show identical plots.
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TABLE II
SUMMARY RESULTS FOR CROSSOVER LANDSCAPES

C. Crossover Fitness Landscapes

In Table II, we present the results regarding crossover analy-
sis. Table II gathers data from one-point crossover and uni-
form crossover. Uniform crossover uses probability p = 0.5 for
directly transferring the gene of the parent to the offspring,
which is a commonly used value. As before, the first column
indicates the representation used, the second column indicates
the tested instance, and the last two columns provide the data for
the crossover operators. For each operator, we show the average
of the minimum distance between the optimum solution and
the average offspring found in the random walk dcxopt , with
the standard deviation in brackets. The values for the fitness
distance correlation are given by �cx, and the parent–offspring
correlation is denoted as ρcx.
1) Fitness Distance Correlation: A first inspection of the

results allows us to observe some important aspects. By looking
at the best values, which are marked in bold, it is clear that
there is not one outstanding representation. The exception is
the case when we look at the distance between the offspring and
the optimum solution. In that situation, in every single instance,
weight coding is better than all the other encodings. The differ-
ences between the other representations are small, particularly
for the case of the ordinal, permutation, and random-key repre-
sentations. Furthermore, it seems that the type of instance has
an effect on the representation behavior. Considering the fitness
distance correlation, the instances from the first data set P01 and
P02 are also dominated by the weight-coding representation.
When looking at the remaining instances, weight-coding is not
able to perform better than other encodings. In fact, encodings
that make use of a first-fit heuristic in their decoding process
from genotype to phenotype seem to be more suitable. This is
particularly visible in the random-key representation, as it has
the best fitness distance correlation values for instances CB01
and CB02.

In addition, the results found in Table II reveal that binary
representation has inferior values when compared to all other
representations, regardless of the problem instance. Above all,
the fitness distance correlation values for binary representation
are considerably lower. They are near 0.0, whereas, for other
representations, the values are, on average, close to −0.5 (with
the clear exception of GK01).

Fitness distance plots are similar to plots of mutation land-
scapes in terms of distribution shape. In spite of this, minor
differences between plots of weight-coding exist: The crossover
plots are closer to the optimum, which can be explained by the
stronger heuristic bias in this encoding.
2) Parent–Offspring Correlation: As for the parent–

offspring correlation, the correlation between parents and their
offspring is similar for all representations, attaining some high
values. Even for the binary encoding, the correlation values are
good—a fact already observed in the mutation analysis. Only
ordinal encoding presents slightly inferior values when com-
pared to the other representations. As a final observation,
neither crossover operator demonstrates a superior behavior.
How can these observations be explained? The first reason is
related to the specific properties of the operator; the dynamics
of crossover are more difficult to analyze, as previous studies
have shown [25]. Building a precise time series from a gener-
ated random walk is a hard task, when compared to mutation
operators. The second reason is the dependence on parental
distance. Larger parental distance usually induces larger cross-
over innovations [21]. Here, the crossover landscapes are gener-
ated from pairs of solutions where one of them is always created
independently at random. This fact may ensure a larger parental
distance, but at the same time, it might create a weak depen-
dence on the distance between the parents, thus allowing a cer-
tain loss of homogeneity required to produce fitter offspring.
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Representation must allow for crossover operators the capac-
ity of efficient exchange of genetic material. For the MKP, we
can observe that all studied representations clearly perform that
task since they cover the feasible region of the search space.
The exception is binary encoding. It can be concluded that
the choice between these two crossover operators is not very
influential on the representation used. These two operators, in
conjunction with these representations, have the same behavior.
There is no clear advantage of a single representation, which in-
dicates that other factors must be taken into more consideration,
e.g., population dynamics and selection.

D. Effect of Heuristics and Local Improvement

All decoder-based representations include some simple
heuristic mechanisms that are essential for its interpretation. We
will now complement our study by investigating a few other
techniques that can be added to some of the encodings ad-
dressed within this research. Many additional techniques could
be developed and used, but we restrain ourselves to the most
common ones used for the MKP [21]. Some additional tests
were made regarding the binary and the weight-coding repre-
sentations. Our experimentation covers mutation and crossover-
generated landscapes for these two representations. We only
consider these two representations since these are the most
common encodings with heuristics application found in the
literature [21]. In our tests, we consider four improvements.

1) Binary representation with repair (local method) (BR
with R): The standard encoding will be subject to a
local method. This local method works by repairing un-
feasible solutions by randomly removing items until all
constraints are satisfied.

2) Binary representation heuristic repair using profit/
pseudoresource consumption ratios (BR with HR): An
unfeasible solution is repaired by removing items accord-
ing to the order of the items given by the profit/
pseudoresource consumption ratios.

3) Binary representation with heuristic repair and local im-
provement (BR with HR + LI): The union of the previous
steps: a heuristic and a local method. In this case, the local
method inserts items in a feasible solution, as long as it
does not violate any constraint.

4) Weight-coding representation with lognormal (WC with
lognormal): The heuristic is encoded in the mutation
variation operator. The operator replaces a randomly se-
lected position on the chromosome by sampling a random
number that follows a lognormal distribution

wj = (1 + γ)N(0,1), j = 1, . . . , n (15)

where γ > 0 is a strategy parameter that controls the aver-
age intensity of biasing, and N(0, 1) denotes a normally
distributed random number with a mean of 0 and a stan-
dard deviation of 1. We set γ = 0.05, as recommended by
Raidl [20].

1) Mutation Landscapes: In Table III, we present, for all
tested instances, the results of the applied measures for the
four types of binary encodings and two types of weight-coding

TABLE III
SUMMARY RESULTS FOR THE EFFECT OF ADDING HEURISTICS AND

LOCAL OPTIMIZATION FOR MUTATION LANDSCAPES

(We include the results for simple BR and WC for comparison.)
using mutation as the variation operator. Table IV contains the
results for the crossover operators. A brief perusal of the results
generated by mutation operators, as shown in Table III, reveals
one important aspect: The weight-coding representation with
the lognormal operator achieved the highest correlation value
for all instances and the highest fitness distance correlation
value for all instances, with the exception of instance GK01.
At a closer examination, we can verify that the attained values
are very good. For the fitness distance correlation, the encoding
has values near −1.0 (instances P01, CB01, and CB02). Com-
paring these values to the average minimal distance from the
best individual to the optimum, they are also the lowest. Only
for instances P02 and Gk01 this effect is not so visible. Close
to the weight-coding representation with lognormal operator is
binary representation with consumption ratios, heuristic repair,
and local improvement. This encoding is able to achieve very
good values for the fitness distance correlation for all instances
(In instance GK01, it has the best value.), as well as the average
distance from the best individual to the optimum (instances
CB01 and GK01). Regarding autocorrelation, this encoding
does not attain the same degree of success as the weight-coding
representation. (The values are similar to those attained by the
simple direct encoding.)

From the examination of the fitness distance plots in Fig. 2,
it is possible to distinguish two simple and clear patterns:
1) low correlated landscapes and 2) highly correlated land-
scapes. Binary representation with repair and binary represen-
tation with heuristic repair do not have a highly correlated



This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination.

TAVARES et al.: MULTIDIMENSIONAL KNAPSACK PROBLEM: A FITNESS LANDSCAPE ANALYSIS 613

TABLE IV
SUMMARY RESULTS FOR THE EFFECT OF ADDING HEURISTICS AND LOCAL OPTIMIZATION FOR CROSSOVER LANDSCAPES

Fig. 2. Fitness distance correlation plots for (a) binary representation with
repair, (b) binary representation with heuristic repair, (c) binary representation
with heuristic repair and local improvement, and (d) weight coding with
lognormal operator on the CB02 instance. The graphs plot the distance to the
optimum versus the fitness value.

landscape, whereas binary representation with heuristic re-
pair and local improvement and weight-coding representation
with the lognormal operator have highly correlated landscapes.
These representations have near-ideal distributions since the
solutions very close to the optimum can be reached by jump-
ing from one solution to another by successively reducing
the jump distance. For these two encodings, the addition of
heuristics and/or local improvement was influential in re-
shaping the distribution shapes (for binary representation in
one configuration) in comparison to the distributions of the
representations without heuristics and/or local improvement.
Instead of ellipsoidal shapes, the distributions are now closer
to linear lines in the direction of the optimum, with a strong

concentration on that point. Fitness and distance are clearly
correlated.

This analysis reveals that adding heuristics and/or local im-
provement methods to a representation is crucial in obtaining
better results when solving the MKP. Examining the weight-
coding representation, using a mutation variation operator that
is more sensitive to the problem domain helps in improving per-
formance. Since the float values represent surrogate multipliers,
it is clear that the mutation provided by a uniform distribution
will cause strong phenotypic changes. On the other hand, a
lognormal distribution will handle the genotype in a more subtle
way since it gives the advantage of making small changes in
weight with higher probabilities and allowing large changes but
with less probability. The lognormal operator ensures a higher
locality for the weight-coding representation. In this particular
case, the addition of a heuristic—by means of a more controlled
probability distribution—helped the encoding to improve its
fitness distance correlation and autocorrelation values for all
tested problem instances.

The binary representation needs a more careful investigation.
The introduction of a local search method was sufficient in
improving the measured values when compared to the simple
direct encoding (as shown in [4] and [20]) but was unable to
achieve the values of the ordinal, permutation, and random-key
representations. These three encodings still perform better than
the direct encoding even when we compare them to the binary
representation with the heuristic ratios (BR with HR). The
exception is instance P01, although the differences are small. It
seems that these two improvements, when examined separately
from each other, can only introduce a slightly weaker heuristic
bias than the first-fit heuristic used for ordinal, permutation,
and random-key encodings. When heuristic repair and local
improvement are combined, the result is very different, and
the behavior is comparable to the weight-coding representation
with the lognormal mutation operator. In terms of autocorrela-
tion, the effects are different. From Table III, we can see that the
simple direct encoding is poor due to the unfeasibility of most
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generated solutions, whereas this changes for the other remain-
ing variants, because they ensure feasibility. In addition, the
difference between the three types of additional mechanisms
added to the encodings is evident. The combination of a local
method and a heuristic is better than their single use. For all
variants of the direct encoding, the autocorrelation values are
similar, with only marginal differences.
2) Crossover Landscapes: We proceed now to the

crossover-generated landscape analysis. In this case, only
the modifications made to the simple binary encoding are
eligible. For weight-coding representation, the heuristic was
introduced on the mutation operator, and the same heuristic
is not directly applicable to the crossover operator. Focusing
our attention on the results from Table IV, we can see
that, for crossover-generated landscapes, the fitness distance
correlation and the minimum average distance to the optimum
solution, the direct encoding with the heuristic repair, and the
local improvement method attain the best results. These results
confirm the previous observations. Usually, crossover has a role
of exploration. The addition of mechanisms that enable some
exploitation when evaluating the individuals allows finding
better solutions. In spite of this, the degree of improvement
obtained by introducing the combined use of these two extra
mechanisms (heuristics and local improvement) is not so large
in comparison with mutation. The interesting fact is that the
sole use of these mechanisms might be more sensitive to the
instance’s structure. For the instances of the first benchmark,
heuristic repair performs better than simple repair, whereas, for
the second one, simple repair gives better results. The type of
crossover does not affect the representation’s performance.

In terms of parent–offspring correlation, results are more
consistent when compared with mutation. Tested encodings
reveal higher values of correlation with some minor excep-
tions: binary representation with uniform crossover for the first
instance P01 (0.54) and binary representation with heuristic
repair and local improvement on both operators (0.65). For
all other experiments, correlation values are high within in the
range of [0.7, 0.9]. This can be explained by the strong heuristic
bias that is introduced by binary encodings. As already seen
with mutation, the binary encoding permits good correlation
values since alterations to a candidate solution generate neigh-
bor solutions, which are not only close but, with the addition
of these mechanisms, whose variations on the fitness values are
also small. As mentioned before, in terms of correlation, the
type of crossover has no influence on the encoding behavior.

As we can see from these results, a pattern arises in terms
of the representation performances according to their heuristic
bias. This is essentially true when looking at the fitness dis-
tance correlation coefficient. The representations with stronger
heuristic bias (weight-coding with lognormal operator and
binary representation with heuristic repair and local improve-
ment) achieve the best results, i.e., very close to −1.0. The
encodings with a weak heuristic bias do perform well but
clearly worse than the two previous encodings, whereas the
simple binary representation, as expected, is the one with the
poorest behavior. Our fitness landscape analysis is in accor-
dance with previous studies on representations for the MKP,
such as [21].

TABLE V
SUMMARY OF OPTIMIZATION RESULTS FROM [21]

E. Optimization Results and Landscape Analysis

The landscape analysis provides some insights about the
behavior of these different genetic representations during an
evolutionary process. However, it is important to relate this
with results obtained by optimization runs. The MKP has been
studied in the context of optimization. In [21], a study is
provided with results from the optimization on the MKP using
current state-of-the-art evolutionary algorithms for this problem
and the genetic representations described in this paper. We
will use these optimization results to find some connections
between landscape analysis and optimization for the MKP.
Table V contains the largest instances from the two benchmarks
used in our study: 1) the OR-Library (250 and 500 items) and
2) the suite provided by Glover and Kochenberg (200, 500,
1500, and 2500 items). We use the instance names provided
by Raidl and Gottlieb [21]. Notice that Table V only contains
results for the ordinal, permutation, and random-key encodings;
weight-coding with lognormal mutation; and binary encoding
with heuristic and local improvement. The values for each
encoding represent the mean best fitness found in the runs in
terms of gap, i.e., the distance between the best value found
and the optimum obtained through an LP-relaxed problem
(the brackets include the standard deviation). For the complete
results on all tested instances, we refer the reader to [21].

In Table V, it can be seen that binary representation with
local improvement and heuristic is the best approach, followed
by weight-coding with lognormal mutation. For the first bench-
mark, these two representations attain a similar performance,
which is not seen in the second benchmark. The remaining
encodings perform more or less on the same level, with the ex-
ception of ordinal representation. When looking at the results,
for the larger and more difficult instances of both benchmarks,
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the main conclusions obtained with the fitness landscape analy-
sis are confirmed: Binary representation with heuristics and
local improvement, and weight-coding with the lognormal mu-
tation operator are the best representations for this problem.
Nevertheless, optimization results suggest that direct encoding
with auxiliary mechanisms is the best representation. It should
be noticed that, for most of the instances, the performance is
similar and that other factors also play a role in these results,
such as the dynamics of the algorithm. From the results attained
by Raidl and Gottlieb [21], direct encoding seems more suitable
for the second benchmark suite, whereas, for the first one, both
encodings are appropriate. This can also be seen in the results of
Table III, where weight-coding and binary encoding have the
same kind of behavior on the first suite, and on the second,
direct encoding clearly shows better values for fitness distance
correlation.

Our analysis focused on smaller and easier instances of the
MKP (which are solved by exact methods) since this allows
us to circumvent one of the problems of fitness landscape
analysis—how to estimate the distance from the closest global
optimum, if the global optima are unknown. In spite of having
some interest in running this same analysis on larger instances,
optimization results show that our findings can be related to the
performance of the encodings.

VI. CONCLUSION

In this paper, we presented a fitness landscape analysis for
the MKP. The goal of this paper was to study how the inter-
play between representations, heuristics, and genetic operators
affects the search performance of evolutionary algorithms for
the MKP. Although it is a relevant topic, only a few studies that
analyze this issue exist.

Standard tools of fitness landscape analysis, such as fitness
distance correlation and autocorrelation, help in explaining
the differences in performance achieved by different repre-
sentations. Within a mutation-based evolutionary algorithm,
weight-coding with a lognormal mutation operator and binary
representation with a heuristic repair and local improvement
appear to be the most suitable combinations. Considering
crossover-based algorithms, the binary representation with the
heuristic repair and local improvement is the suitable choice.
In addition, the study described in this paper presents a contri-
bution to analyze how heuristics and local search techniques
can improve the performance of evolutionary algorithms. In
general, heuristics with a strong bias help in achieving better
results. Representation plays an important role when solving
the MKP since choosing an encoding without a strong heuristic
bias can create some difficulties for the evolutionary algorithm.
As such, the use of heuristics on the decoding process or on
a variation operator, as well as the use of local improvement
methods, can significantly alter the performance for a given
representation.

Even though our analysis focused on the MKP, the aim of
our research is to investigate the influence of genetic represen-
tations and heuristics when solving combinatorial optimization
problems. This research will now be extended to different
combinatorial optimization problems to see if the findings

encountered here can be generalized. The outcomes of the
global analysis may be important for future applications of
evolutionary algorithms to problems with similar properties.
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